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Abstract

This paper investigates the use of three different schemes
to optimize the number of states of linear left-to-right Hid-
den Markov Models (HMM). As the first method we de-
scribe the fixed length modeling scheme where each char-
acter model is assigned the same number of states. The sec-
ond method considered is the Bakis length modeling where
the number of model states is set to a given fraction of the
average number of observations of the corresponding char-
acter. In the third length modeling scheme the number of
model states is set to a specified quantile of the correspond-
ing character length histogram. This method is called quan-
tile length modeling. A comparison of the different length
modeling schemes has been carried out with a handwrit-
ing recognition system using off-line images of cursively
handwritten English words from the IAM database. For the
fixed length modeling a recognition rate of 61% has been
achieved. Using Bakis or quantile length modeling the word
recognition rates could be improved to over 69%.

1 Introduction

After the successful application of Hidden Markov Mod-
els (HMM) to speech recognition and more recently to on-
line handwriting recognition, HMM based recognition sys-
tems become more and more popular in off-line handwrit-
ing systems as well [7, 12, 19]. One of the advantages of
the HMM framework lies in its capability to perform seg-
mentation and recognition at the same time. This is a sig-
nificant advantage over systems relying on a segmentation-
followed-by-recognition scheme1. A further advantage of
HMMs lies in the fact that individual models can be trained

1Such systems are strongly affected by Sayre’s paradox [16]:“To rec-
ognize a letter, one must know where it starts and where it ends, to isolate
a letter, one must recognize it first”.
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Figure 1. A character HMM

using global data only. A prior segmentation of the data
into its model-specific parts, like characters or words, is not
required. It is sufficient to provide the data and the corre-
sponding label sequence. The training of the HMM using
either the Baum-Welch or the Viterbi training algorithm will
then learn the parameters of the provided models.

In contrast to the optimization of the parameters of an
HMM, its topology (number of model states and transi-
tions between these states) needs to be specified in ad-
vance and remains fixed during the training. The HMM
framework does not provide any optimization of the topol-
ogy. Although it has been suggested that the selection of
the model topology should depend on the available train-
ing data, no general solution to this problem is available
so far. Among the few published attempts to derive HMM
topologies directly from the data the following references
will be mentioned here. A model merging strategy is de-
scribed in [18] which has been applied to the recogniton of
spoken words. In the case of on-line handwriting recog-
nition different strategies are proposed. The construction
of a multi-branch HMM in combination with a state tying
scheme is documented in [8].

The most commonly used HMM topology in speech
recognition as well as in on- and off-line handwriting recog-
nition is a simple linear left-to-right topology. Only transi-
tions allowing to remain in a state or move to the next state
are defined. An example of the left-to-right model is shown
in Fig. 1. References for the use of strictly linear topolo-
gies can be found for the recognition of on-line handwritten



Hangul characters [17], the recognition of faxed machine
printed words [3], off-line handwritten numeral strings [6]
and off-line cursive handwriting [2, 13]. Sometimes addi-
tional transitions are added to allow the model to skip one
or more states [5, 10]. In a few cases more complex topolo-
gies are used, called multiple parallel-path HMMs [8] or
multi-branch HMMs [19], which both use HMMs with left-
to-right topologies as their building blocks.

In the case of a recognition system for isolated (spoken)
words using left-to-right HMMs two schools of thought re-
garding the selection of the number of states are mentioned
in [15]. The first is based on the idea to let the num-
ber of states roughly correspond to the number of sounds
(phonemes) within the word. The other idea is named af-
ter R. Bakis and consists in selecting the number of model
states proportionally to the average number of observations
of the corresponding training samples [1]. In speech and on-
line handwriting recognition systems where a sequential,
time dependent signal has to be recognized, the first idea is
adopted in most cases. In such applications the model states
are normally related to the stationary parts of a time depend-
ing signal. In the case of speech recognition systems phones
are defined by the stationary parts of the signal. For on-line
handwriting recognition systems strokes are normally as-
sociated with the stationary parts of the signal. In theory
one state per phone or stroke model whould suffice since
a single output density function can model any stationary
signal. While such models are very simple they produce
an exponential state duration distribution which is normally
not adequate to model phone durations or stroke lengths. In
order to cope with this deficiency an explicit state duration
modeling has been suggested in [4] and [9].

In the case of off-line handwriting recognition systems
no time depending signal is available. A sliding window
mechanism is often used to produce a sequence of observa-
tions (feature vectors). Following this approach time depen-
dent observations are replaced by observations depending
on the horizontal position of the window. As a consequence
the mapping between the model states and the stationary
parts of the signal is not obvious anymore and no commonly
accepted idea exists what a HMM state should correspond
to in the case of off-line handwriting recognition. In a black
box approach characters are most frequently modeled by
a single HMM which consist of a sequence of states (as
shown in Fig. 1). This provides also a sequence of output
density functions which can cope with complex character
shapes and a flexible character duration modeling.

For the commonly used sliding window technique, char-
acter HMMs in both [14] and [12] have a fixed (globally op-
timized) number of states. The use of model specific num-
bers of states using the Bakis-model is mentioned in [5],
[3] and [8]. Although [8] investigates on-line recognitionof
Hangul characters it was the only publication found by the

authors which provided a direct comparison of the recogni-
tion performance for both a fixed and a character specific
number of states.

This paper compares three different methods to optimize
the number of states for the linear left-to-right topology.
The first method optimizes the HMMs using a fixed num-
ber of states for all character models. The second method
represents the Bakis-model where a given fraction of the
average character length determines the number of states
for the corresponding HMM. The third method is called
quantile modeling and is motivated by the concept of min-
imum duration modeling where the number of states for
each character HMM is defined by a specified quantile of
the character length histogram. The investigation of the
different length modeling methods is carried out using an
HMM word recognition system for off-line cursive hand-
writing. The system corresponds to the recognition system
published in [12] which has been adapted to the recognition
of isolated words.

The remaining parts of this paper are organized as fol-
lows. The next section describes the length modeling meth-
ods. Its first subsection provides an introduction to forced
alignment and the measuring of the length of sample char-
acters. The following three subsections explain the different
modeling methods in detail. Sec. 3 documents the experi-
mental results, while Sec. 4 draws some conclusions and
points out possible extensions of the presented work.

2 Length Modeling

2.1 Forced Alignment

If the Viterby decoder of an HMM based recognition sys-
tem is used in forced alignment mode, the trained HMMs,
a sequence of observations (feature vectors), and its tran-
scription (in the form of a sequence of models) are pro-
vided to the decoder. Based on this information it is then
the task of the decoder to find an optimal mapping between
the observations and the model states representing the tran-
scription. Before we extract the feature vector sequence
X = (X1, X2, . . . , Xi, . . . , Xn) of a word image, it is nor-
malized in order to reduce the variability present in words
written by different writers. An example of the text normal-
ization and the extraction of the corresponding feature vec-
tor (observation) sequenceX = (X1, X2, . . . , Xi, . . . , Xn)
is provided in Fig. 2. Using a sliding window technique a
single feature vectorXi is extracted for each column of the
normalized text line image. Consequently the horizontal
coordinates of the image columns are represented by the in-
dices of the corresponding feature vectors. This fact directly
supports the estimation of character widths as we will see
later.
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Figure 2. Text normalization and extraction of
a feature vector sequence

Figure 3. Character segmentation using
forced alignment

The HMM state sequenceQ = (q1, q2, . . . , qj, . . . , qm)
used in the forced alignment mode can be generated by the
concatenation of the character HMMs according to the tran-
scription of the text line. Providing both the feature vector
sequenceX and the state sequenceQ to the Viterby de-
coder, an optimal alignment̂A can be found by dynamic
programming as follows.

Â = arg max
A

P (X, A|Q)

Â = ((X1, q1), . . . (Xi, qj) . . . (Xn, qm)) represents
therefore the most likely assignment of eachXk to a state
ql. Because each feature vectorXk has to be absorbed by
exactly one state and each stateql consumes at least one
feature vector it follows that eachA considered in the com-
putation ofÂ has to start with the assignment(X1, q1) and
must end with(Xn, qm). All elements of the path between
these two positions have to respect the restrictions imposed
by the linear left-to-right topology of the character HMMs
involved in the state sequenceQ.

Once an optimal alignment̂A is found the position and
lengths of the individual models (in our case characters)
can easily be determined using the feature vector indices2.
Fig. 3 gives two examples of the character segmentation us-
ing forced alignment.

Using the estimated character lengths of 9’929 word im-
ages from the IAM database the obtained length histograms

2The smallest index of all feature vectors assigned to the first state of a
given character HMM directly represents the horizontal coordinate for this
character. The individual lengths can then be estimated by the distance
between the beginnings of two consecutive characters.
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Figure 4. Length histograms for some char-
acters

for the three characters ’e’ ’m’ and ’.’ are plotted in Fig. 4
where the x-axis corresponds to the character width in pix-
els and the y-axis to the number of samples. The different
heights of the three curves reflect the fact that roughly 5000
samples of ’e’, 1000 samples of ’m’ and 600 samples of ’.’
were present in the set of the 9’929 words.

2.2 Fixed Length Modeling

For the fixed length modeling no assumptions are made
at all. Instead of trying to predict a good length for the
individual character HMM all models are assigned the same
length (number of states).

The optimal number of states can then be found by mea-
suring the recognition rate of the word recognizer for each
possible number of states. To speed up the method, the
search range can be constrained by the use of empirical
knowledge.

2.3 Bakis Length Modeling

For the Bakis modeling method we assume that the
length of the HMM should depend on the available train-
ing data for the individual models in the following way. For
each HMM the length (number of states) is set to a fraction
of the average number of observations (feature vectors) of
the corresponding samples in the training data.

The optimal number of states per model can then be
found by measuring the recognition rate of the word recog-
nizer for different fractions of the average character lengths.



Figure 5. Some text lines from the IAM
database

To speed up the search for the optimal fraction it can be
considered that for the left-to-right topology a model will
only accept samples containing at least as many feature vec-
tors as its number of states. Consequently a fraction of 1.0
would reject already half of the samples. Therefore the op-
timal fraction can be found between 0.0 and a number sig-
nificantly smaller that 1.0.

2.4 Quantile Length Modeling

The quantile length modeling method can be seen as a
statistical variant of the minimum duration modeling where
each HMM only accepts samples which are at least as long
as the shortest samples observed in the training data. In this
method the length (number of states) of each HMM is set
to a specified quantile of the corresponding character length
histogram3.

3 Experimental Results

This section presents the experiments which have been
carried out in order to compare the three different length
modeling methods. The data used for both training and
testing the different systems comes from the IAM database
which was first described in [11]. Some example textlines
from the IAM database are shown in Fig. 5. The words used
for all experiments have been automatically extracted from
the form images in the database using the method described
in [20].

For the word recognition system used in the following
experiments the sytem described in [12] has been adapted
for the recognition of isolated words4. The training and test-
ing of all systems has been carried out on a total amount of

3The character length histogram is computed by the estimation of the
number of observations (feature vectors) for each corresponding sample in
the training data.

4The adaption of the system was trivial. It consisted in disabling the
language model which was designed to recognize a sequence ofwords.
After this step the resulting system has been trained and tested using iso-
lated words only. In each case all HMMs were modeled with a linear left-
to-right topology using a single Gaussian as continuous output function in

States Size Recognition rate
8 584 57.2%

10 730 58.9%
12 876 59.7%
14 1022 60.7%
16 1168 61.0%
18 1314 58.6%
20 1460 56.7%
22 1606 53.7%
24 1752 50.9%

Table 1. Recognition rates using a fixed num-
ber of states

Frac. Size R. rate
0.20 702 60.5%
0.30 1049 67.3%
0.36 1258 68.3%
0.38 1331 69.0%
0.40 1398 69.2%
0.42 1465 68.8%
0.44 1538 68.6%
0.50 1752 66.0%
0.60 2099 59.8%

Quant. Size R. rate
0.00 1207 56.6%
0.01 1323 65.3%
0.02 1462 69.0%
0.03 1568 69.1%
0.04 1656 69.6%
0.05 1721 68.8%
0.10 2014 65.5%
0.20 2366 57.8%
0.50 3262 29.6%

Table 2. Recognition rates for the Bakis (left)
and the quantile method (right)

10’929 isolated words. As test set, a random selection of
1’000 words have been put aside. The lexicon used in the
experiments contained 2’296 words and was defined by the
set of words occuring in the 10’929 isolated word images.

Each of the presented length modeling method can be
optimized using different settings of a single parameter.
The resulting number of model states and the correspond-
ing recognition rates for each method are summarized in
Tab. 1 and 2.

Tab. 1 documents the resulting recognition rates for dif-
ferent (fixed) number of states. On the left side of Tab. 2
the recognition rates for the Bakis length modeling method
using different fractions of average sample lengths (column
Frac.) are given. The results for the quantile length mod-
eling method using the indicated quantiles (column Quant.)
are presented on the right side.

To explain the significant improvement of both the Bakis
and the quantile length modeling methods over the fixed
length modeling approach some additional experiments
have been carried out.

each state. Four iterations of the Baum-Welch alogrithm have been used
for the training of all HMMs.
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Figure 6. Comparison of estimated and gen-
erated character lengths for the characters ’i’
and ’m’

For the comparison of the different length modeling ap-
proaches some properties of the fixed length modeling (us-
ing 16 states) and the quantile modeling (using the 2%
quantile) have been selected. After training of the HMMs,
the models for the characters ’i’ and ’m’ have been used
to generate length histograms for the corresponding charac-
ters5 where the x-axis correspond to the character width in
pixels and the y-axis to the number of samples.

In Fig. 6 the resulting length distributions for the fixed
length modeling and the quantile modeling method are
compared with the ’true’ length histograms which were es-
timated using forced alignment as described in Sec. 2.1.

5This has been done using the stochastic Monte Carlo method tosimu-
late runs through the finite state automata defined by the HMM transition
probabilities.

Fixed Bakis Quantile T. Bakis T. Quantile
16 0.4 0.04 16/0.4 16/0.04

1168 1398 1656 1088 1092
61.0% 69.2% 69.6% 68.1% 67.9%

Table 3. Comparison of the different length
modeling schemes

It can be observed that especially for short characters
(represented by ’i’) the fixed length modeling approach pro-
duces length distributions which do not adequatly model
the estimated length histograms. In case of the character
’m’ both the fixed length and the quantile length modeling
produce similar length distributions with a peak which is
roughly at the position of the peak of the estimated length
histograms.

Based on this observation two additional experiments
were carried out to verify the importance of the correct
modeling of short characters. Both the Bakis and the quan-
tile length modeling scheme were combined with the fixed
length modeling in the following way. After the length
calculation of each character using either the Bakis or the
quantile method, characters with more than 16 states (the
optimal length obtained using the fixed length modeling
scheme) have been truncated to a maximal length of 16
states.

Both the truncated Bakis and the truncated quantile
methods did not only produce higher word recognition rates
than the system using fixed length modeling but also re-
sulted in significantly smaller HMM systems. This is shown
in Tab. 3 which summarizes the achieved recognition rates
(third row) of the different length modeling schemes. The
results for the truncated Bakis method are reported in col-
umn T. Bakis and the results for the truncated quantile
method in column T. Quantile. In the first row the corre-
sponding parameter settings are provided, the second row
lists the number of resulting model states and the last row
the corresponding recognition rates.

4 Conclusion and Future Work

In this paper three different length modeling schemes
to optimize the number of states in left-to-right HMMs
were presented. The investigated methods included the fre-
quently used fixed length modeling and the Bakis length
modeling schemes. As a third method the authors propose
the quantile length modeling which is based on character
length histograms and motivated by the minimum duration
modeling idea.

Using an HMM based word recognition system for off-
line handwriting recognition it could be shown that the



quantile length modeling is comparable with the Bakis
length modeling, although more states per HMM were pro-
duced with the quantile length modeling in average. Both
the Bakis and the quantile length modeling produced signif-
icantly higher recognition rates than the fixed length mod-
eling approach. Using a combination of length modeling
schemes it could also be demonstrated that it is possible
to build an HMM based word recognition system which
is significantly smaller (in terms of model states) and still
achieves higher word recognition rates than the recognition
system constructed with fixed length modeling only.

Future work should investigate the method presented
in [10] which optimizes both the number of states per HMM
and the number of Gaussian mixtures per model state within
a single framework.
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